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1 Introduction

Available experimental data on neutrino oscillations indicates a small mass of left-handed
neutrinos. This is in contrast with the Standard Model (SM) where the left-handed neu-
trinos are massless. Also, the nature of neutrinos, whether they are Dirac or Majorana
particles, is not known. The latter possibility is theoretically most compelling, since it
introduces new physics at the scale Λ, where the neutrino mass operator

Od=5
ν = yijν

LiHLjH

Λ
(1.1)

is formed. There are only three different ways to realize this operator at the tree level when
a single representation is added [1].

Adding a right-handed neutrino is referred to as the type I seesaw [2–6], while an extra
bosonic triplet with hypercharge 1 results in type II seesaw [7–9]. The third option is to
couple the leptonic and Higgs doublets to a fermionic weak triplet with zero hypercharge
and this is the type III seesaw [10].

Unfortunately, the scale Λ is not known since it depends on the size of the Yukawa
couplings. If they are of order one, as in certain Grand Unified Theories (GUTs), eq.(1.1)
predicts Λ around 1013 GeV. Such a high scale would make it very hard to probe the origin
of the mass operator directly at a collider. On the other hand, when Yukawa couplings in
eq.(1.1) are small, the seesaw scale may lie anywhere below 1013 GeV. Notice also, that
the small Yukawa couplings are technically natural due to a protective chiral symmetry.
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Recently, a grand unified model has been proposed [11] which is an extension of the
minimal Georgi-Glashow SU(5) model with a fermionic adjoint representation, that pre-
dicts a low mass for a fermionic triplet from unification requirements [12]. Neutrino masses
are realized with a combination of type I and III seesaws together with an upper bound
on the fermionic triplet around TeV. Due to the fact that they are coupled to electroweak
gauge bosons, one can produce the fermionic triplets at the LHC and measure the origin
of neutrino masses by studying their decays [12–14]. In principle, one can even distinguish
various seesaw types at a collider by studying events by their charged lepton multiplic-
ity [15].

Besides the neutrino mass operator, also higher dimensional operators are produced be-
low the seesaw scale, the size of which can be constrained by flavor changing processes [16].
While the leptonic mixing matrix becomes non-unitary in both type I and III cases [17],
the unique feature of the type III is the presence of charged lepton flavor changing neutral
currents (FCNCs) at the tree level. Our aim is to establish, whether testing such processes
may shed some light on the origin of neutrino mass in a minimal model with a predicted
light triplet below TeV.

In contrast to previous studies [18, 19], we use the existing data from neutrino os-
cillation experiments to express Yukawa couplings which enter the expressions for flavor
violating processes. In other words, we relate the d = 6 operators with d = 5 by using a
convenient parametrization [20, 21]. The natural values of the Yukawa couplings for a low
seesaw scale around the electroweak scale ∼ 100 GeV are of the order of 10−6. However, it
turns out that there exists a portion of parameter space where the effect in these processes
is observable, while neutrino masses remain small due to cancellations.

We investigate current bounds on these couplings from various processes in two minimal
cases with two heavy neutrinos, a singlet and a triplet, and two triplets. It turns out that
at least in these minimal cases, the number of parameters which specify the rate is reduced
to a single real parameter, which is most constrained by the µ− e conversion experiments.
We use this constraint to asses other possible channels and also comment on non-minimal
models in the end.

We start with a discussion of the type I + III seesaw model of neutrino masses in
section 2, where we focus on the two minimal cases and discuss the Casas-Ibarra-Ross
parametrization. In section 3, we constrain the free parameters of the model using a
bound from µ − e conversion searches in nuclei. Next, we consider a comprehensive list
of other constraints in section 4, we comment on non-minimal models in section 5 and
present our conclusions and an outlook on future experiments in section 6. The appendices
contain a derivation of the couplings of light and heavy leptons in models with arbitrary
number of additional fermionic singlets and triplets and a calculation of f2 → f1γ process
in such models.

2 Minimal type I and III models

Neutrino oscillation experiments can be explained by non-zero masses of the light neutrinos.
The best fit of the mass squared difference and the mixing angles are given in table 1 and
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Parameter Best fit 3σ

∆m2
21[10−5eV2] 7.65 7.05− 8.34

|∆m2
31|[10−3eV2] 2.40 2.07− 2.75

sin2 θ12 0.304 0.25− 0.37

sin2 θ23 0.50 0.36− 0.67

sin2 θ13 0.01 ≤ 0.056

Table 1. Parameter fits from oscillation experiments taken from [22].

constitute evidence for a nonzero mass. While the neutrino masses are bounded from
above by beta decay searches and cosmology, the overall scale of the neutrino mass has not
been established, therefore the lightest neutrino may still be massless. We will consider
two minimal models which accommodate the oscillation data, one with a singlet and a
triplet (motivated by a GUT) and the other with two triplets. The reason for this choice
is minimality and predictivity. In both cases, the lightest neutrino is massless and there is
only one Majorana phase which cannot be rotated away.

The Lagrangian for a model with a fermionic singlet and a zero hypercharge triplet
can be written in the following way using the two component Weyl spinors

L` =iL†iσ
µDµLi + i`c†i σ

µDµ`
c
i + iT †aσ

µDµTa + iS†σµ∂µS

−
(
yij` H

†Li`
c
j − yiSHT iτ2LiS − yiTHT iτ2τaTaLi

)
+ h.c.

− 1/2 (mTT
aT a +mSSS) + h.c.

(2.1)

where Dµ stands for the appropriate covariant derivative. After spontaneous symmetry
breaking, we obtain the well-known seesaw formula for the light neutrino masses

(mν)ij = −v
2

2

(
yiT y

j
T

mT
+
yiSy

j
S

mS

)
. (2.2)

When only type III is considered, the second term is replaced by the Yukawa couplings
and the Majorana mass of the second triplet.

The same Yukawa couplings responsible for the d = 5 operator, also contribute to the
d = 6 operators. For example, the presence of yS alters the couplings of the W to the
neutrino, which means that UPMNS is no longer unitary, while the yT mixes the charged
leptons and therefore also affects the universality of Z boson couplings. The Feynman rules
for the fermion couplings in presence of a singlet and a triplet are presented in appendix A.

In order to use the information from the oscillation experiments on the neutrino mass
to reduce the number of parameters, we employ a useful parametrization [21]. For the
two minimal cases, the neutrino masses are fixed, because the lightest neutrino is massless,
therefore ∆m2 determines the mass of the heaviest two. This parametrization specifies
all the Yukawa couplings in terms of measurable neutrino quantities and a single complex
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parameter z for the case of normal (NH)

yiT = −i
√

2mT /v
(
Ui2
√
mν

2 cos z + Ui3
√
mν

3 sin z
)∗

, (2.3)

yiS = −i
√

2mS/v
(
−Ui2

√
mν

2 sin z + Ui3
√
mν

3 cos z
)∗

, (2.4)

and inverted (IH) hierarchy

yiT = −i
√

2mT /v
(
Ui1
√
mν

1 cos z + Ui2
√
mν

2 sin z
)∗

, (2.5)

yiS = −i
√

2mS/v
(
−Ui2

√
mν

1 sin z + Ui2
√
mν

2 cos z
)∗

, (2.6)

where U is the unitary PMNS matrix defined by the standard parametrization and φ is
the additional Majorana phase

U =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c13c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13


× diag(1, eiφ, 1).

(2.7)

The size of the Yukawa couplings is determined by the complex z parameter and it increases
exponentially with Im(z). In this case, the effects on the d = 6 operators responsible for
lepton flavor violating effects become visible, while at the same time neutrino masses remain
small due to an exact cancellation. The higher the seesaw scale, the more severe fine-tuning
is needed in order to produce a visible effect because the d = 6 operators scale as Λ−2 while
neutrino masses go as Λ−1.

The new particles may also be light, for example as predicted in [11]. If this is so, we
have the possibility to produce them at a high energy collider and measure the Yukawa
couplings by decay rates and branching ratios [12]. In this paper we instead investigate
various lepton flavor violating (LFV) processes and determine the values of Im(z) which
are needed in order to observe them.

When Yukawa couplings are large, eIm(z) factorizes, multiplies all the Yukawa couplings
in eqs.(2.5)-(2.6) and there is no dependency on the real component of z. Therefore, we
can state all the limits on d = 6 operators at a reference triplet mass mT with a single
parameter, the imaginary part of z, which governs the overall size of d = 6. The ratios
between the various channels are not affected by Im(z) and depend solely on neutrino mass
parameters, together with the Majorana phase. This means that, at least in the minimal
models with two heavy neutrinos, the strictest bound in the µe channel will put an upper
limit on Im(z) which suppresses also the other τe and τµ channels.

3 Constraints on Yukawa couplings from µ− e conversion in nuclei

The strictest bound on the µeZ coupling is obtained by the µ− e conversion in a nucleus.
The current bound on Brµe ≡ Γconversion/Γcapture was set by the SINDRUM collaboration
from the experiments on titanium with Br

(T i)
µe < 4.3 × 10−12 [26] and gold target setting

the Br(Au)µe < 7× 10−13 [27], both at 90%CL.
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Nucleus V (p)[m5/2
µ ] V (n)[m5/2

µ ] Γcapture[106s−1]

Ti48
22 0.0396 0.0468 2.59

Au197
79 0.0974 0.146 13.07

Table 2. Data taken from tables I and VIII of [28].

To get the constraint in the µe channel from these experiments, one needs to know
the expression for the rate in different nuclei. A detailed numerical calculation has been
carried out by [28] and we use their formula in eq. (14) to calculate the desired conversion
rate. The dominant contribution is due to a tree-level exchange of the Z boson, the tree
level Higgs amplitude being suppressed by the smallness of the charged lepton masses.
Other contributions, involving also the singlet Yukawa couplings, are suppressed by a loop.
Therefore at the leading order, the rate depends on the vectorial couplings only and using
the notation of [28] we have

Γconversion = 2G2
F

[∣∣∣g̃(p)
LVV

(p) + g̃
(n)
LV V

(n)
∣∣∣2 +

∣∣∣g̃(p)
RVV

(p) + g̃
(n)
RVV

(n)
∣∣∣2] (3.1)

where GF is the SM Fermi coupling and g̃
(p,n)
L,RV are found to be

g̃
(p)
LV = 2

(
3− 4s2w

)
LZ12, g̃

(p)
RV = 2

(
3− 4s2w

)
RZ12, (3.2)

g̃
(n)
LV = 6LZ12, g̃

(n)
RV = 6RZ12. (3.3)

Throughout the paper we use LW,Z (RW,Z) to denote the left (right) handed couplings of
the fermions to the gauge bosons as defined in eq.(A.15) and sw = sin θw, where θw is the
weak mixing angle. The values of V (p,n) depend on the given nucleus and are specified in
table I of [28], while the capture rates are given in their table VIII and we list the relevant
quantities in table 2. The resulting bound on the LFV couplings is

|LZ12|2 + |RZ12|2 < 10−14, 10−15, (3.4)

for Ti and Au, respectively. Note that the bound due to the more recently measured Au
channel is an order of magnitude stronger than the Ti bound previously considered in the
literature [16, 18]. After allowing to vary the poorly known neutrino mass parameter θ13

within the allowed range in table 1 and the unknown phases δ and φ, we obtain in the
minimal models a bound on Im(z) < 7.5(7.1) for normal (inverted) hierarchy in case of one
triplet and one singlet and Im(z) < 7.2(6.8) for two triplets, all at the reference mass of
mT = 100 GeV for the lightest triplet.

When Im(z) is so large, the branching ratios for decays of the triplets to light leptons
are fixed by the neutrino mixing parameters and can be checked at the collider, if the
triplet is light enough to be produced [14]. On the other hand, the same constraint puts an
upper bound on the Yukawa coupling of the singlet, which makes it very hard to observe,
even if it were light.
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4 Other constraints

Previous phenomenological analyses of various experimental constraints on type III see-saw
models [14, 16, 18] considered the three charged lepton flavor transitions separately. As ex-
plained above, such treatment is not necessarily justified, since the relative strengths of the
various flavor transitions in type III are governed by neutrino mass and mixing parameters
— not all entries in the LZ,Wij , RZ,Wij coupling matrices are independent. Consequently the
impact of the various constraints should be compared through their bounds on the remain-
ing free parameters of the model. In the case of the minimal III and I+III models this is
the single complex parameter z. As explained in the next section, the general observation
remains valid even in non-minimal type III models, albeit with more free parameters to be
constrained. In the following we will compare the current and prospective bounds on the
Im(z) in the minimal III and I+III models. These are to be contrasted with the benchmark
limits set by µ−e nuclear conversion experiments. In most cases, the differences in bounds
obtained with normal or inverted hierarchies and between III and I+III setups are not
significant given their overall size. The bounds are not very sensitive to the angle θ13 and
the Dirac phase δ due to the smallness of θ13. There is a mild sensitivity to the Majorana
phase φ as shown on figure 1 where the comparison of various bounds is summarized for
the minimal type III case.

Also to be kept in mind is that the dependence of observables on the size of Im(z)
is exponential, so that an improvement of a particular bound on Im(z) by O(1) requires
(numerically roughly two) orders of magnitude improvement in the actual experimental
limit. On the other hand the LFV and lepton flavor universal (LFU) effects decouple
quadratically with the lightest triplet mass as shown explicitly in appendix A.

Finally, the situation can also be viewed from the opposite perspective. Since within
the I+III setup, the τ − µ and τ − e LFV transitions for example, are constrained by
the µ− e bound, any positive indication of the other transitions in the near future would
indicate LFV contributions beyond the minimal models.

Leptonic LFV decays are closely related to the µ− e conversion processes, since both
receive dominant contributions form tree level Z exchange in type III models. The relevant
decay widths at leading order are

Γ`i→`j 6=k`k`k =
G2
F

48π3
m5
`i

(
|LZij |2 + |RZij |2

) (
|LZkk|2 + |RZkk|2

)
, (4.1a)

Γ`i→`j`j`j =
G2
F

48π3
m5
`i

[ (
|LZij |2 + |RZij |2

) (
|LZjj |2 + |RZjj |2

)
+

1
2
(
|LZijLZjj |2 + |RZijRZjj |2

) ]
, (4.1b)

where we have neglected the final state lepton masses and doubly flavor
suppressed amplitudes.

Taken the experimental limits from [24], it turns out that these decays constitute the
most sensitive bounds on Im(z) coming from τ − ` transitions.
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Figure 1. Comparison of various LFV and LFU bounds on the minimal type III model for normal
(top) and inverted (bottom) neutrino mass hierarchy. The bounds coming from µ − e transitions
are plotted in red, τ − e in blue and τ − µ in green. Constraint from the Z width to electrons is
shown in magenta, to muons in cyan and to taus in yellow. The bounds constrain Im(z) at the
reference triplets’ mass of 100 GeV and depend on the unknown Majorana phase φ. Dependence
on the other poorly known neutrino parameters is negligible as explained in the text.

Radiative decays of the charged leptons also put limits on the LFV couplings. Since
the photon coupling to the leptons remains universal at tree level, this process has to go
through a loop. We have calculated the amplitudes coming from the W , Z and Higgs loops
and we give the result in the appendix B.

As seen in figure 1, the limits coming from the loop suppressed µ → eγ decay are
substantially weaker than µ→ 3e, also due to a better experimental bound for the latter.
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Semileptonic LFV tau decays τ → π0` and τ → η`, where ` = µ, e were identified
in [14, 18] as promising LFV signatures in the tau sector at low energies. Present experi-
mental limits on the branching ratios are at the 10−8 level [24] and thus the corresponding
bounds could be in principle comparable to the ones from τ → 3`. The decay widths
induced by generic LFV Z couplings can be written as

Γτ→h`i =
G2
F f

2
h

8π
m3
τ

(
1−m2

h/m
2
τ

)2 (|LZ3i|2 + |RZ3i|2
)
, (4.2)

where h = π0, η and fh is the corresponding decay constant.
The above formula neglects final state lepton masses, but is accurate to a percent level

even for the τ → ηµ channel. In our numerical analysis we use the complete kinematic
formula, which can be found e.g. in [18] 1. In our treatment of the hadronic matrix elements
of the η we follow the formalism of [25] and sum over contributions from all light quark
flavours (dd̄, uū and ss̄) as also done in [18]. The derived limits on Im(z) coming from π0

and η channels differ only slightly and exhibit identical φ dependence, therefore we do not
plot them separately in figure 1.

Z decay widths to lepton pairs of various flavors were measured at LEP [24]. Both
flavor conserving (diagonal) as well as flavour changing (off-diagonal) decay modes could
impose relevant constrains on deviations from the universal Z couplings to leptons. The
relevant leading order decay width formula is

ΓZ→`i`j =
GFm

3
Z

6π
√

2

((
1− (m`i −m`j )

2/m2
Z

) (
1− (m`i +m`j )

2/m2
Z

))
[ (
|LZij |2 + |RZij |2

) (
2− (m2

`i
+m2

`j
)/m2

Z − (m2
`i
−m2

`j
)2/m4

Z

)
+

12 Re
(
LZijR

Z∗
ij

)
m`im`j/m

2
Z

]
,

(4.3)

where the finite lepton mass effects are only important for the tau channels.
Comparing to experimental measurements listed in [24], presently, the flavour diagonal

channels yield bounds comparable to those from τ decays.

Charged current lepton flavor universality tests can also probe for signs of vio-
lations of unitarity of the coupling matrix between light leptons, present in I+III models
(the 3× 3 submatrix of LWij ). The most relevant observables here are (semi)leptonic kaon,
pion and tau decays, while direct W decay measurements at LEP yield somewhat weaker
constraints. A model-independent analysis was performed in [16]. The best bounds on
the deviations of unitarity are at the level of a few per-mille. When translated onto the
bounds of the I+III model parameters, these are already quite weaker than other afore-
mentioned constraints.

Additional constraints studied in the literature include anomalous magnetic moment of
the muon [23], LFV leptonic and semileptonic decays of mesons, muonium — anti-muonium
oscillations [18], all of which yield much weaker constraints than the ones mentioned above.

1We could reproduce all the π and η bounds in table 1 of [18] except the one for τ → πe for which we

instead get in their notation |εeτ | < 6.0 × 10−4. Therefore, this bound is not stronger than the one from

τ → 3e decay as claimed in the paper.
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5 Beyond minimal models

Before concluding, let us comment on non-minimal models with more than two heavy
fermions. In the minimal cases above, we had 11 real parameters governing the Yukawa
couplings: two Majorana masses of the heavy fermions, 5+2 parameters (the PMNS matrix
and two masses of light neutrinos) mostly fixed from the oscillation data and finally, a single
complex angle z which specifies a complex orthogonal matrix O. Extending the model with
another heavy fermion brings in another mass and another phase in the PMNS and also a
third light neutrino mass (since the overall scale is unknown) and we now have 3 complex
angles which specify the 3 by 3 orthogonal matrix O, altogether 18 parameters.

Although there are more free parameters in this case, correlations between differ-
ent channels are generically preserved. This can easily be seen by considering the non-
universal coupling,

LZeµ '
v2

2

nT∑
α=1

y∗αeyαµ/m
2
α

=
nT∑
α=1

3∑
i,j=1

(√
mν
im

ν
j /mα

)
OαiOαjUeiUµj ,

(5.1)

where we sum over all the elements of the orthogonal matrix O, regardless of the flavor.
Therefore one cannot easily enlarge the τ`Z couplings by enhancing a single element of O
without affecting the µe channel and running in contradiction with the µ − e conversion
experiment unless one aligns (fine-tunes) the available phases. This result holds for an
arbitrary number of additional triplets and shows that the overall rate of the flavor processes
is naturally dictated by the most constraining channel.

On the other hand, there is a potential gain in considering non-minimal models with
three extra triplets. Namely, one can use the freedom of setting the overall scale of neutrinos
at will and a positive signal is possible even for natural values of the Yukawas. For example,
if light neutrinos are degenerate with the sum of their masses close to the upper limit from
β decay and cosmology (say

∑
mν . eV [32]), present µ − e conversion bounds already

probe values of Im(zi) ' 2− 4.

6 Conclusions and outlook

The µ − e conversion limits will be further improved in the future by several orders of
magnitude. According to proposals [29] and [30, 31], one can expect a sensitivity of 10−16

or even 10−18 by the PRISM/PRIME experiment. Such a sensitivity would constrain Im(z)
to 4.2 (3.8) in case of the minimal I + III model and to 3.8 (3.4) for the minimal type III,
again for normal (inverted) hierarchy. For non-minimal models with degenerate eV scale
neutrinos, these experiments would already probe Im(zi) . 1. Since the imaginary values
of zi are free parameters of the model and setting any of them to zero does not enhance the
symmetry of the Lagrangian, we consider such values natural. We plot both projections in
figure 2 against the maximum value of Im(zi) in non-minimal models.

– 9 –



J
H
E
P
1
1
(
2
0
0
9
)
0
2
3

SINDRUM bound

PRISM�PRIME projection

mΝ1=0Ú mΝ=1eV minimal normal

minimal inverted

0.5 1.0 1.5 2.0 2.5 3.0 3.5
10-22

10-20

10-18

10-16

10-14

Max@ImHziLD

ÈL
eΜ

2
+

ÈR
eΜ

2

Figure 2. Present and projected sensitivity of µ− e conversion experiments in non-minimal type
III see-saw models for a massless lightest neutrino (in red empty circles, for both hierarchies) and
for degenerate scenario at 1 eV (in blue filled spades). Minimal model predictions are drawn in
green dashed lines. In all cases we put all the Majorana phases to zero and vary zi randomly.

It is worth contrasting this with the projected sensitivity of the MEG experiment for
the branching ratio of µ→ eγ, which is of the order 10−13 [33]. This corresponds to probing
values of Im(z) ∼ 8.8 in the minimal models.

Another interesting feature of a potential µ − e conversion signal would be its ability
to distinguish the type III contribution from type I and II. This is due to the fact that
the dependancy of the vectorial gauge boson couplings V (p,n) on the number of protons in
the nucleus is different from the contributions of a scalar or a dipole operator (see [28] for
details). These may be present in type I and II, however they are loop suppressed and we
do not consider them here. By measuring the conversion rate of two different nuclei, one
can check for the vectorial nature which should dominate for the type III contribution.

The tau LFV decays are expected to be improved at a future flavor factory by one
to two orders of magnitude [35]. The Z leptonic width measurements could possibly be
improved at the LHC or a future linear collider although we are not aware of existing
dedicated sensitivity studies. On the other hand LFU tests in charged currents will be
difficult to improve due to limiting theoretical uncertainties, although BESIII could improve
on the present experimental precision [34].
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A Derivation of the fermion couplings

In this appendix we derive general expressions for the couplings of the charged and neutral
fermions to the SM gauge and Higgs fields in the presence of a fermionic singlet and a weak
triplet with hypercharge 0. We start with the Lagrangian in a two component notation
and derive the rules in the four-component notation in the physical mass basis. In order
not to clutter the notation, we initially consider an addition of a single fermionic triplet
and a single singlet and we generalize the result for an arbitrary number of triplets (nT )
and singlets (nS) in the end.

The starting point is the Lagrangian written with two component Weyl spinors in
a basis where the Yukawa matrix of the charged fermions is real and diagonal and the
Majorana masses mT and mS are also real

L` =iL†iσ
µDLµLi + i`c†i σ

µD`µ`
c
i + iT †aσ

µDTµTa + iS†σµ∂µS

− yij` H
†Li`

c
j + yiSH

T iσ2LiS + yiTH
T iσ2σaTaLi + h.c.

− 1/2 (mTTaTa +mSSS) + h.c. .

(A.1)

Here, i, j are the family indices running from 1 to 3 and the standard covariant derivatives
are defined as

DLµ = ∂µ − ig/2Aaµσa − ig′/2Bµ, (A.2)

D`µ = ∂µ + ig′Bµ, (A.3)

DTµ = ∂µ + igεabcT bAcµ, (A.4)

where a, b, c are the usual SU(2) indices and σ’s are the Pauli matrices.
We use the linear combinations of the fields, labeled by their U(1) charge

√
2T± =

T 1 ∓ iT 2 and T 0 = T 3 and after spontaneous symmetry breaking, the Higgs field becomes

H =

(
φ+

(v + h+ iχ)/
√

2

)
, (A.5)

and the Lagrangian in eq.(A.1) gives the following mass terms

Lmass = −
(
`ci T

+
)
M`

(
`j
T−

)
−
(
νi T0 S

)
Mν

νjT0

S

 /2 + h.c. , (A.6)

where

M` =

(
v/
√

2 yij` δ
ij 0

v yjT mT

)
and Mν =

03×3 v y
i
T v yiS

v yjT mT 0
v yjS 0 mS

 (A.7)
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can be brought to a diagonal form by a biunitary and congruent transformation for the
charged and neutral fields

M̂` = U+†M`U
−, M̂ν = U0TMνU

0 . (A.8)

In the limit when vyT � mT , one can expand these matrices in terms of small parameters
εi = v yiT /mT , εSi = v yiS/mS , and ε′i = v yiT mi/m

2
T ,

U+ =


1− 1

2 |ε
′
e|2 0 0 ε′e

∗

0 1− 1
2 |ε
′
µ|2 0 ε′µ

∗

0 0 1− 1
2 |ε
′
τ |2 ε′τ

∗

−ε′e −ε′µ −ε′τ 1−
∑

i
1
2 |ε
′
i|

2

 , (A.9)

U− =


1− 1

2 |εe|
2 −1

2ε
∗
eεµ −1

2ε
∗
eετ ε∗e

−1
2εeε

∗
µ 1− 1

2 |εµ|
2 −1

2ε
∗
µετ ε∗µ

−1
2εeε

∗
τ −1

2εµε
∗
τ 1− 1

2 |ετ |
2 ε∗τ

−εe −εµ −ετ 1− 1
2

∑
i |εi|2

 , (A.10)

U0 =

(δik − 1
4(ε∗i εk + ε∗SiεSk))Ukj ε∗j/

√
2 ε∗Sj/

√
2

−εkUkj/
√

2 1− 1
4

∑
i |εi|2

∑
i εiε

∗
Si

−εSkUkj/
√

2
∑

i ε
∗
i εSi 1− 1

4

∑
i |εSi|2

 . (A.11)

After performing these rotations, we combine the mass eigenstates of the charged
fermions and the triplets into a four component Dirac spinor while the neutral fermions
form a Majorana spinor using the usual prescription

`i =

(
`i
`ci

)
, T− =

(
T−

T+

)
, νi =

(
νi
νi

)
, T 0 =

(
T 0

T 0

)
. (A.12)

The mixing matrices alter the gauge couplings of the SM fermions and since they mix the
chiral fermions with vector-like triplets, it is convenient to introduce a general notation for
the charged and neutral four component spinors (see also the appendix of [14])

f−i = (e, µ, τ, T−), f0
j = (ν1, ν2, ν3, T

0, S). (A.13)

Using such a convention, we can write down the W and Z couplings in a unified way with

γµ =

(
0 σµ

σµ 0

)
, σµ = (1,−σi), γ5 =

(
1 0
0 −1

)
, PL,R =

1± γ5

2
, (A.14)

and we have a Lagrangian

Lint = − e f i /Afi +
(
g f
′
i /W

+(LWPL +RWPR)ijfj + h.c.
)

(A.15)

+
(
φ+f

′
j

(
LφPL +RφPR

)
ji
fi + h.c.

)
(A.16)

+
g

cw
f i /Z(LZPL +RZPR)ijfj + χf i (LχPL +RχPR)ij fj (A.17)

+ hf i

(
LhPL +RhPR

)
ij
fj , (A.18)
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with the following gauge

LWij = U0∗
αiU

−
αj/
√

2 + U0∗
βiU

−
βj , RWij = U0

βiU
+
βj , (A.19)

LZij = (s2w − 1/2)U−∗αi U
−
αj − c

2
wU
−∗
βi U

−
βj , RZij = s2wU

+∗
αi U

+
αj − c

2
wU

+∗
βi U

+
βj , (A.20)

and would-be-Goldstone and physical Higgs couplings

Lφij = yβ−3α
T

(√
2U0

αiU
−
βj − U

0
βiU

−
αj

)
+ yγ−3−nTα

S U0
γiU
−
αj , (A.21)

Rφij = −yα` U0∗
αiU

+
αj , (A.22)

Lχij =
i√
2
yα` U

+∗
αi U

−
αj − iy

β−3α
T U+∗

βi U
−
αj , (A.23)

Rχij = − i√
2
yα` U

−∗
αi U

+
αj + iyβ−3α∗

T U−∗αi U
+
βj . (A.24)

Lhij = − 1√
2
yα` U

+∗
αi U

−
αj − y

β−3α
T U+∗

βi U
−
αj , (A.25)

Rhij = − 1√
2
yα` U

−∗
αi U

+
αj − y

β−3α∗
T U−∗αi U

+
βj . (A.26)

In the notation above, repeated indices are always summed over. The indices α, α′ run
over the light families from 1 to 3, β runs over the number of triplets from 4 to 3 + nT ,
while γ is the singlet index going from 4 + nT to 3 + nT + nS . When additional copies of
particles are considered, the mass matrices in eq.(A.7) have to be extended.

A couple of features of the model are noteworthy. While the photon vertex remains
universal at the tree-level, the Z vertex now receives off-diagonal entries. Also, the right-
handed couplings are now present, however they are always suppressed by the mass of the
light charged fermions m`/mT which can be seen from the expansion of U+ in eq.(A.9).
Notice that the SM limits are easily obtained, by either sending yT,S → 0 and/or mT,S →
∞. In this case, the mixing matrices become diagonal and the SM expressions are recovered.

B f2 → f1γ calculation

Here, we discuss the calculation of amplitudes for the f2 → f1γ decay. We have done the
calculation in Rξ gauge with arbitrary left and right-handed gauge couplings of the fermions
with arbitrary masses m1,2 of f1,2. The amplitude is proportional to the d = 5 operator

iσµνε
µqν , (B.1)

where ε is the polarization vector of the photon with momentum q = p2 − p1 and pi are
the four-momenta of fi. The final result has to be finite and ξw,z independent.

Before giving the transition amplitude, we would like to comment on the divergency
cancellations in models with non-unitary mixing matrices which is the case for the type III
seesaw. If the W coupling matrix is unitary, the divergent part proportional to /ε vanishes
or it is cancelled by the diagrams with photons radiating from the external fermions. This

– 13 –



J
H
E
P
1
1
(
2
0
0
9
)
0
2
3

does not happen in models where vector-like fermions mix with the chiral. The problem is
resolved by noting that (

LW †LW
)
ij

= −LZij , i 6= j, (B.2)

which is a consequence of the SU(2) structure of the electroweak Lagrangian. The relation
in eq.(B.2) holds also for R couplings, and both can be checked from eqs.(A.19) and (A.20).
Given that the non-unitarity of the mixing matrix is directly related to the non-universality
of the Z coupling, we expect the cancellation to come from a diagram with a single off-
diagonal Z coupling. Indeed, when we calculate the Z − γ mixing diagrams, the divergent
part vanishes.

In order to get a finite and gauge invariant result, we have to sum the diagrams with
unphysical would-be-Goldstone fields. Their couplings can be related to the gauge boson
couplings (see also [36])

Lφij = g/mW

(
LWij mi −RWij mj

)
, (B.3)

Lχij = g/icwmZ

(
LZijmi −RZijmj

)
, (B.4)

and symmetrically for R → L. Using these relations, all the ξ dependent terms cancel to
all orders in m1,2 and we have a finite, gauge invariant result coming from the W , Z and
Higgs loops, together with corresponding φ and χ loops. We expand the scalar integrals in
small m2, set m1 = 0 and get the amplitudes

MW
R =

GF√
2

e

24π2
f1iσµνε

µqνPRf2

3+nT+nS∑
n=1

1
(1− xn)4[

6mnL
W∗
n1 R

W
n2

(
x3
n − 12x2

n + 6x2
n log xn + 15xn − 4

)
(1− xn) (B.5)

+m2L
W∗
n1 L

W
n2

(
4x4

n + 18x3
n log xn − 49x3

n + 78x2
n − 43xn + 10

)]
,

MZ
R = −GF√

2
e

24π2
f1iσµνε

µqνPRf2

3+nT∑
c=1

1
(1− xc)4[

6mcL
Z
1cR

Z
c2

(
x3
c − 6xc log xc + 3xc − 4

)
(1− xc) (B.6)

+m2L
Z
1cL

Z
c2

(
5x4

c − 14x3
c − 18x2

c log xc + 39x2
c − 38xc + 8

)]
,

Mh
R = − e

96π2m2
h

f1iσµνε
µqνPRf2

3+nT∑
c=1

1
(1− yc)4[

6mcR
h
1cR

h
c2

(
y2
c − 4yc + 2 log yc + 3

)
(1− yc) (B.7)

−m2R
h
1cL

h
c2

(
y3
c − 6y2

c + 6yc log yc + 3yc + 2)
)]
,

where n sums over the neutral particles in the loop (three light neutrinos and nT +
nS heavy mediators), c sums over the charged particles (three light e, µ, τ and nT heavy
triplets) and xn = m2

n/m
2
W , xc = m2

c/m
2
Z , yc = m2

c/m
2
h. The amplitude proportional to PL
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is obtained by substituting (L,R) → (R,L). Finally, the total decay rate for the process
is given by

Γf2→f1γ =
m3

2

16π
(
|ML|2 + |MR|2

)
, (B.8)

with ML,R =
∑

i=W,Z,hMi
L,R.

Notice that the result above is valid also for theories with right-handed gauge couplings,
e.g. in left-right symmetric theories. From the results above, one can easily reproduce the
calculations for type I case. The Z and H amplitudes are zero, so are the RW couplings,
therefore the only contributing piece is the third line of eq.(B.5), proportional to LWij =
U0∗
ij /
√

2. With this substitution we reproduce the well-known results in [37]. We cannot
fully reproduce the results of [38] for the case of pure type III, our result for the decay rate
is bigger by roughly a factor of two.
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[9] R.N. Mohapatra and G. Senjanović, Neutrino masses and mixings in gauge models with
spontaneous parity violation, Phys. Rev. D 23 (1981) 165 [SPIRES].

[10] R. Foot, H. Lew, X.G. He and G.C. Joshi, Seesaw neutrino masses induced by a triplet of
leptons, Z. Phys. C 44 (1989) 441 [SPIRES].
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